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ON LINEAR VISCOELASTIC RODS

WILLIAM J. SHACK

Department of Mechanical Engineering, Massachusetts
Institute of Technology, Cambridge, Massachusetts

Abstract-This paper is based on the general thermodynamical theory of a Cosserat continuum developed by
Green and Laws. We present here specific constitutive equations for a linear viscoelastic material. When the form
of the free energy is restricted by certain symmetry conditions. the basic equations separate into four groups. two
for flexure, one for torsion, and one for extension of the rod. Thermal effects occur only in the last group. Flexural
and torsional wave propagation along an infinite rod are considered.

1. INTRODUCTION

THIS paper presents a theory of a one dimensional, viscoelastic, Cosserat continuum.
Following Green and Laws [1], we shall define a rod as a one dimensional Cosserat con
tinuum. Green and Laws have developed an exact thermodynamical theory of rods, which
is not restricted to small deformations or elastic rods. Ofcourse, a theory of rods can also be
constructed by considering the rod as a three dimensional body. The equations governing
the rod are then obtained from the three dimensional equations by introducing assumption
or expansions based on the "thinness" of the rod. Some results which show that the
Cosserat theory is a natural first approximation to the three dimensional problem have
recently been given by Green, Laws and Naghdi [3]. In Section 5 of this ;:..per, we shall
briefly discuss how solutions from the Cosserat theory of rods can be compared with
corresponding exact solutions from the three dimensional theory of linear vi~coelasticity.

Recently Green, Laws and Naghdi [2] have used the basic theory of [1] to derive a linear
theory of straight elastic rods, although as the authors note their work could be readily
extended to the case where the rod has an initial curvature.

In this paper, using a procedure similar to that of [2], we derive a linear theory of visco
elastic rods which are initially straight. The basic field equations of the theory, which are
the same as those given in [2], are presented in Section 2. In Section 3 appropriate constitu
tive equations for viscoelastic rods are discussed. The assumed form of the free energy
function and the discussion of thermodynamical restrictions presented here are analogous
to that of Christensen and Naghdi [8] in their work on the general, linear, three dimensional
viscoelastic solid. We then restrict our attention to the case where the rod possesses certain
symmetries. The resultant equations seem to correspond to those of a rod considered as an
isotropic, viscoelastic, three dimensional member with a cross section which is symmetric
about its principal axes. Under this symmetry restriction the equations of the theory
separate into four groups: Two governing flexure, one governing torsion, and one govern
ing longitudinal motions. We note that the temperature is present in only the last group.

In Section 5 we use the equations of Sections 3 and 4 to consider the propagation of
flexural waves in an infinite rod. The solution for an arbitrary frequency is very compli
cated, and explicit results are presented only for the asymptotic wave speeds, attenuation
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and amplitudes as the frequency becomes very large. These results generalize well known
results of Hunter [4]. We also compare the solution of the problem of quasi-static pure
flexure using the Cosserat theory with the solution of the corresponding problem using the
exact solution obtained from the three dimensional theory of linear viscoelasticity.

Finally in Section 6 we consider the torsion equations. We introduce an additional
symmetry restriction on the form of the constitutive equations. Under this restriction our
Cosserat rod now seems to correspond to a right circular cylinder. We then study the
propagation of torsional waves through the Cosserat rod and compare our results with
those of Berry [5J, who solved the corresponding three dimensional problem.

2. LINEAR THEORY OF RODS

In the basic theory of rods as developed by Green and Laws [IJ, a rod is defined to be
a curve (embedded in a Euclidean 3-space) at each point of which there are two assigned
directors. The motion of the rod at time t is then described by the equations

r = r(z, t), (2.1 )

where r is the position vector of the curve, aa(a = 1, 2) are the directors and z is a convected
coordinate which defines points on the curve. We also define the base vector a3 along the
curve by

and impose the restriction

[aI, a2' a3J > O.

In terms of aa and a3, the basic kinematical quantities may be taken as

oai
Kij = aj' oz'

(2.2)

(2.3)

(2.4)t

The initial values of the position vector and the directors are denoted by R, A I and
A2 • We assume that the rod is initially straight so that

(2.5)

where Ai are independent of z and bij is the Kronecker delta. We restrict our attention to
the case when the subsequent displacements of the rod are "small". To be consistent we
will also assume that the changes in the thermodynamic variables such as temperature are
also "small". More precisely, we assume that

r = zA 3 +eu, T' = To +eT, (2.6)

where T' is the temperature of the body with value To in the initial undeformed state, and e
is a small non-dimensional parameter. All forced and assigned loads are also assumed to
be of O(e). By neglecting all terms of 0(e2

) and higher in the field equations we obtain the

t Lalin indices lake the values 1,2 and 3. and Greek indices the values I and 2. Also, repeated indices imply
the usual summation convention.
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linearized field equations. After obtaining the approximate eqaations, we may formally
set e = 1 in the equations without loss of generality with the understanding that when the
displacements, temperature changes, forces, and assigned forces are expressed in suitable
non-dimensional forms they are to be considered small, i.e. ~ 1. Since this procedure is
straightforward, only the final results are presented here. Before writing down the basic
equations, however, we note that as a consequence of the linearization all components of
vectors such as rand ai are now referred to the fixed orthonormal base vectors Ai' and
hence, there is no need to distinguish between covariant and contravariant components.

It is convenient to define measures of deformation by

or in the linearized theory

(2.7)

Also, by (2.4h and (2.6)1' we have

(2.8)

where Ui are the components of the displacement vector u = UiAi'

The linearized basic field equations of the theory are given in [2]. Here we quote freely
from [2] and also record additional results appropriate to the linear theory which will be
useful later. The linearized equations of motion are

(2.9)

(2.10)

where p is the initial mass per unit length of the rod, ni are force components, and J; are
the components of the assigned force per unit mass on the rod. The quantities 1r:ai are
defined by

(2.11 )

where Pai are the components of the director forces, and qai are the sum of the assigned
director force on the rod and the director inertia forces.

Equations (2.10) and (2.11) can be written in a more familiar form if we introduce vectors
m and g defined by

with components

m = AaxPa, g = Aa xqa' (2.12)

m2=-p13'
(2.13)
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It is then easily seen that (2.1 0) and (2.11) are equivalent to

ami
-;;;--n2+pgl =0,
uZ

om2
~+nl -pg2 = 0,

om3
oz +pg3 = 0,

and

(2.14)

(2.15)

We must also introduce an explicit form for the director inertia terms. Ifwe assume that
the contribution of the directors to the kinetic energy is of the form

(2.16)

where the coefficients (Xl and (X2 are independent of t and a superposed dot denotes partial
differentiation with respect to time, it follows that

02bpi
qpi = ipi - (XP7 (no sum on fJ), (2.17)

where ipi are the assigned director forces.
The energy equation appropriate to the linear theory is

A' (T'C. T'S) I, I (' ') I' , oh 0-p -p.J+ +pr+z'll:~pY~/i+zn/iYp3+Y3P+Z1'I3Y33+P~iK'i-oz='

where

(2.18)

(2.19)

(2.20)

A is the Helmholtz free energy per unit mass, r is the heat supply per unit mass per unit
time and h is the flux of heat along the rod. To complete the basic equations we postulate
an entropy production inequality of the form

pT'S-pr+ oh _l!..- aT ;?: o.
oz To oz

If we use (2.18) to eliminate pr from (2.20), we obtain the reduced entropy inequality

(A' T'S) I ' 1 ( , ') I' . hoT °-p + +Z'll:,py,p+znpyp3+Y3P+zn3Y33+p,iK,i-Toa;;?:' (2.21)



On linear viscoelastic rods

3. CONSTITUTIVE EQUATIONS FOR A VISCOELASTIC ROD

5

To obtain a complete theory we must specify appropriate constitutive equations for
the free energy A, the force vector nj, the director forces P~j, the quantities 1t~fJ' the entropy
S, and the heat flux h. Since we wish to consider the case where nj, P~j, etc. are linear func
tionals of the kinematical and thermal histories, it is sufficient to consider a constitutive
equation for the free energy of the form

where as we recall a superposed dot denotes partial differentiation with respect to the time
variable r. Without loss of generality, we may assume that

Gjjk/(t-r, t-y/) = Gkliit-y/, t-r),

m(t-r, t-y/) = m(t-y/, t-r),

H~jfJit-r, t-y/) = HfJj~i(t-Y/, t-r),

and that the kernel functions in (3.1) vanish for negative values of their arguments.
The heat flux is assumed to be linear in the history (i3t;i3z)(r)

t i3'h=-f k(t-r)~T(r)dr.
-co uZ

(3.2)

(3.3)

It is not necessary to record here specific constitutive equations for nj, P~j, 1t~fJ and S; it
suffices to assume that they are linear integral operators over the histories of Yij, K~j and
t, but that they are independent of the temperature gradient.
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Substituting from (3.1) into the reduced entropy inequality (2.20), we obtain

[-PS-A.(O)- foo m(O, t-r)t(r)dr

- foo <l>iJ{t-r, O})i;ir) dr- foo r~i(t-r, O)K~i(r) dr] t(t)

+ [1T.~p-2D~P(0)-2 foo G~Pk/(O, t-r)Yk/(r)dr

- 2f 00 <I>"p(O, t-r)t(r) dr -2f 00 Fyi"p(t -r, O)K"i(r) dr }"p(t}

+ [2np-4 foo Gp3k/(0, t-r)Yk/(r)dr-4 foo <l>piO, t-r)t(r)dr

-4 roo F"iP3(t-r, O)K"i(r) dr-4Dp3(0)}P3(t)

+ [n3 - 2D33(0) - 2 roo G33k/(0, t - r)Yk/(r) dr

-2 roo <1>33(0, t-r)t(r)dr-2 foo F"i33(t-r, O)K"i(r) dr}33(t)

+ [P~i-H"i(O)- foo H"iPiO, t-r)Kpir)dr

- foo F~ijk(O, t-r)Yjk(r)dr- foo r"i(O, t-r)t(r)dr]K"i(t)

It a ft a .
-1\.- -D·~t-r)y··'r)dr- -A.(t-r)T(r)dr

-00 at Ii Ij\ -00 at

It a h aT
- - H ·(t - r)K ·(r) dr - - - (t) > °

-00 at '" '" To oz -,
1fl f' aI\. = 2- -;-Gijk/(t-r, t-l1}Yjr)Yk/(l1) dr dl1

- 00 - 00 ut

f' ft a .+ -;-<I>iit-r, t-l1)Yi)r)T(l1) dr dl1
- 00 - 00 ut

1ft It a+2 -00 -00 otm(t-r, t-l1)t(r)t(l1) drdl1

1 f' ft a+2 -00 -00 otH"iPit - r, t-l1)K".{r)Kpil1)dr dl1

+ f 00 f 00 F"ijk(t - r, t -l1)K,,;(r)Yjk(l1) dr dl1

ft f' a .+ -;- r"i(t - r, t -l1)K"i(r)T(l1) dr dl1,
- 00 - 00 ut

(3.4)

(3.5)

and we have made use of the symmetry conditions (3.2).
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The inequality (3.4) must hold for arbitrary continuous histories of Yilr~ Kilr), T(i:).
The integral operators in (3.4) depend smoothly upon the histories, and thus changing the
histories in the neighborhood of the present time i: = t produces only a small change in
the value of the integrals. If the present rates could be assigned in a completely arbitrary
manner without changing the values of the coefficients of the present rates, then, clearly,
in order that the inequality be satisfied it would be necessary that the coefficients vanish
identically. It can be shown that this is also true in the present case. The formal argument is
similar to that of Coleman [6] ; for the interested reader the details are given in an Appendix.

The vanishing of the coefficients then yields

pS = -A,(O)- foo m(O,t-i:)T(i:)di:- foo cI>iit-i:,O)Yiii:)di:- foo r~i(t-i:,O)K~i(i:)di:,
(3.6)

n~p = 2[D~p(0)+ f<Xl G~Pkl(O,t-i:)Ykl(i:)di:+ foo cI>~p(O,t-i:)T(i:)di:

+ foo FYi~p(t-i:,O)KYi(i:)di:J

nk = 2[Dk3(0)+ foo Gk3mn(O,t-i:)Ymn(i:)di:+ foo cI>k3(0,t-i:)T(i:)di:

+ foo F~ik3(t-r'0)K~i(i:)drJ

P~i = H~i(O)+ foo H~iP){O,t-i:)Kpii:)di:+ foo F~ijk(O,t-r)Yjk(i:)di:

+ foo r~i(O, t-r)T(i:)di:.

The inequality (3.4) then reduces to

I
t a It a

- _oootDiit-r)Yiir)di:- _ooo/(t-i:)T(i:)di:

f l a h aT
- -H ·(t-r)K .(r)dr-A--- > 0

- "" at ~I ~I To ax - .

(3.7)

(3.8)

(3.9)

(3.10)

The first three terms in (3.10) are of first order in the rate histories, while the remaining
terms are of second order. Hence, to satisfy (3.1 0), we must have

and

h aT-A--->O
To ax -

(3.11)

It a ft a fl a- -D.~t-i:)Y)r)dr- -).(t-r)T(i:)di:- -H ·(t-r)K ~r)di: ~ O._<Xl at I) I) _ <Xl at _"" at" ,.
(3.12)
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As Yij(r), T(r) and Kai(r) can be chosen arbitrarily, we must have

C 0 C
~Diit) = 0, -;;-).(t) = 0, ~.tHai(t) = o.
(it ut ()

(3.13)

(3.14)

Since (111) must hold for homogeneous temperature distributions, we also have

-/\ ~ O.

From (3.11), we see that the familiar condition

aT
-h- > 0 (3.15)

?x -

does not necessarily follow from the entropy production inequality for a viscoelastic rod.
However, to satisfy (3.11) it is sufficient -that (3.15) be valid. If we restrict our attention to a
class of materials for which (3.15) holds, it is easily seen that the constitutive equation (3.3)
must reduce to

aT
h = -K-, (3.16)ex

where K (> 0) is a constant. The arguments leading to (3.6H3.9) and (3.13) and (3.16) are
very similar to those used by Christiansen and Naghdi [8J in their work on linear visco
elastic solids.

Substituting from (3.1) and (3.6-9) into the energy equation (2.17) and neglecting second
order terms, we obtain a linearized energy equation

ah
-pToS+pr-- = 0ex

which can be used to determine the temperature.

4. SYMMETRIES

(3.17)

We restrict our attention now to a rod whose Helmholtz function is invariant under the
transformations:

x --+ ±X, (4.1)

where we may take any combination of + and -. It is a straightforward, but' tedious,
calculation to find the form of the kernel functions under these restrictions. We present
here only the final results. The free energy A is now given by

PoA = PoA()-PoSoT+ roo roo {igl(,)ydr)yd/1)+!g2(,)Y23(r)Y23(/1)+!g3(,)Y13(r)YI3(/1)

+!g4(,)YII (r)YII (/1) +!g5(,)Y22(r)yd/1) +!g6(,)Y33(r)Y33(/1) +!g7(,)[YII (r)yd'1)

+ yd r)YII (/1)J +;!gS(,)[Y2ir )Y33(/1) + Y33( r)Y22('1)J + !g9(,)[Y II (r)Y33('1)

+ Y33( r)y II ('1)] + [!cp I(,)y II (r) +!CP2(,)Y22(r) +!CP3(,)Y33(r)J T(/1)+ !m(,)T(r) T('1) (4.2)

+!hl(,)K II (r)KII ('1) +!h2(,)[KI I(r)Kd/1)+ K22(r)KII ('1)J +!h3(,)Knlr)K22('1)

+!h4(,)KI2(r)Kd/1) +!h 5(,)[Kdr)K21 (/1) + K21 (r)Kd'1)J +!h6 (,)K 21 (r)K21 ('1)

+!h7(,)K 13(r)K13('1) +!hs(,)K2Jlr)K23('1)} dr d'1,
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f(,) == f(t-r, t-I'/),

9

and we have set - 2(0) = pSo and assumed that DiiO) = 0, i.e. the rod is free of initial
stresses.

The constitutive equations (3.6), (3.7), (3.8) and (3.9) become

nl = roo g3(0, t - r)Y13(r) dr,

n2 = roo giO, t-r)ydr) dr,

n3 = roo [g6(0, t-r)Y33(r)+g8(0, t-r)ydr)+g9(0, t-r)Yll(r)] dr

+ roo rp3(0, t - r)t(r) dr,

ml = f 00 h8(0, t - r)K23(r) dr,

m2 = - foo h7(0, t-r)K13(r) dr,

m3 = f 00 [(h4 - hsHO, t - r)Kdr)-(h 6 - hs)(O, t - r)K21(r)] dr,

Pll = foo [h 1(0,t-r)K 1l(r)+h2(0, t-r)K22(r)] dr,

P22 = foo [h 3(0, t-r)K22(r)+h2(0, t-r)KII(r)] dr,

P12 +P21 = foo [(h4 +hs)(O, t-r)Kdr)+(h6 +hs)(O, t-r)K21(r)] dr,

7[11 = f<Xl [g4(0, t-r)Yll(r)+g7(0, t-r)Y22(r)+g9(0, t-r)Y33(r)] dr

+ foo rpl(O,t-r)t(r)dr,

7[22 = foo [gs(O, t-r)Ydr)+g7(0, t-r)Yll(r)+g8(0, t-r)Y33(r)] dr

+ f 00 rp2(0, t - t)t(t) dt,

7[12 = 7[21 = foo gl(O, t-t)ydr)dr,

(4.3)

(4.4)

(4.5)

(4.6)
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I
t 1 It

pS' = pSo -00 m(O, t - r)t('r)dr-2 _'XC [q>t(t -r, O)Yll(r)

+q>2(t-r, O)Y22(r)+q>3(t-r, O)ydr)] dr.
(4.7)

The quantity A is now given by

It II {I a 1a 1a
A = -00 -00 2ot gt(,)Ydr hid'1)+2 otg2(,)Y23{r)Y23('1)+2 ot g3(,hi13(r)Y23(11)

10 . 10 . . 1() ..
+4 ot g2(,)Yll(r)Yll('1)+4 ot gs(,)Ydr)Y22(11)+4 otg6(,)Y33(r)Y33('1)

10 . . 10 . . 10 ..
+2 ot g7(,)Yll(r)Y22(11)+2 otg8(,)Yn(r)Y33('1)+2 otg9(,)Yll(rhi33(11)

+G :tCPl(,)Ytt(r)+~:tCP2(,)Ydr)+~:tCP3(,)Y33(r)]t(11)

10 . 10 0
+2 otm(,)t(r)T(11J+

2
oth1(,)Kll(r)Kll('1) +at h2(,)K 11(r)K22(11)

Inspection of the equations of motion (2.9), (2.14) and (2.15), the energy equation (2.18)
and the constitutive equations (4.3-7) shows that they can be separated into four distinct
groups: two governing flexure, one governing torsion and one governing longitudinal
motions. Thermal effects and the energy equation need only be considered with the equa
tions governing longitudinal motions.

5. mE FLEXURE EQUATIONS

The two sets of equations governing the flexure of the rod are

(5.1)
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n2 = foo g2(O, t-r)Y23(r) dr, ml = foo hg(O, r-r)"23(r) dr, (5.2)

Ob23 OU2
1'23 = b23 +b32 , K23 =~' b32 = i);'

As a simple application of these equations we may discuss the propagation of flexural
waves along an infinite rod. t To simplify our discussion we introduce the notation

H(s) = hg(O, s). (5.3)

Assuming that the waves are of the forms

U2 = ue-jlXcosw(t-~),

b23 = Ble-/tXcosw(t-~)+B2e-/txsinw(t-~),

on substitution of (5.4) into (5.2h,6.7, we find

n2 = [ -w(B 1 -/lU)Gc+w( B2+~ u) GsJ e-/tX sin w(t-~)

+[W(Bl-/lU)Gs+W(B2+~U)GCJ e-/txcosw(t-~),

m1 = [ w( /lB 1 +~B2)Hc+W( -/lB2+~Bl )HsJ e-/l
X

sin w( t-~)

+ [ -W(/lB1+~B2)Hc+W( -/lB2+~Bl )HsJ e-/l
X

cos w( t-~),
where

(5.4)

(5.5)

Giw) = Loo
G(u) sin wu du, Giw) = Loo

G(u) cos wu du, (5.6)

and Hiw) and Hiw) are similarly defined as the Fourier sine and cosine transforms of
H(u). Using (5.5), (5.4) and the equations of motion (5.2)1.2' we obtain a set of homogeneous

t Throughout this Section. we restrict our attentions to the case when (1.1' (1.2' p, g" gz, etc. are independent
of z.
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equations to determine U. B I and B2

(5.7)

(5.8)
0(0) 6(0)

+~4+ ...
W

[ w (2 o.i) ]. [ OJ ] [ w]-2p-z.Gc+ P - c2 Gs+pw U + -pGs+-z.Gc B I - pGc+-z.Gs• B2 = O.

[2P~Gs+(1l2_~:)Ge]U -[PGc+~Gs]BI +[ -~Gc+IlGsJB2 = O.

[ w] [2 W w
2

]IlGs-;:Ge U+ P Hs-2P-z.He-;:zHs-Gs+PIX2W B1

[
W W

2
]+ 2p;:Hs+1l2He- c2 He-Ge B2 = 0,

[ w] [ W w
2

2 ]"pGs--z.Ge U + -2p;:Hs+-;;He-1l He-Gs B1

[
W2 OJ J+ --.2Hs+p2Hs-21l-He-Ge+PIX2OJ. B2 = O.
c C

These equations will determine p, C and the direction of the vector {U, B1 , B2 } as
functions of the frequency w. The solution for an arbitrary value of the frequency is quite
complex, and we will restrict our attention to the asymptotic behavior of the solution as
the frequency becomes very large. If G(u) and H(u) are sufficiently smooth, it is well known
(see, e.g. Lighthill [7J) that

G(O) 0(0)
GsfOJ) ~ -~3 + ... ,

OJ OJ

with similar expansions for Hs(w) and He(w). We assume that U, B1 , B2, Il and c have
asymptotic expansions of the form

UI
U ~ uo+-+ ... ,

w

111
Ji - Jio+-+···,w

Cl
C'"'" Co+-+ ....

·w

(5.9)

Substituting (5.8) and (5.9) into (5.7), and then investigating the conditions that non-trivial
solutions exist, we find two modes of propagation for flexural waves.; In the first,

2 G(O) G(O)
Po # 0, blO = b20 = O. (5.10)Co =--, Po = - 2coG(0)'p

while in the second

2 B(O) fIfO)
Uo = 0, b10 = 0, b20 # O. (5.11)Co =--, Jio = - 2coH(0)'PIX2

These relations generalize well known results for extensional waves in a one dimensional
visco-elastic medium (see, e.g. Hunter [4J).

Our developments here rest on the initial postulates of a balance of energy and an
entropy inequality. For a curve with assigned directors embedded in a Euclidean 3-space
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the resulting equations in Sections 2 and 3 are exact and aside from linearization involve no
approximations. However, the equations given here could be obtained from a three dimen
sional theory of rods after suitable approximations are made. A discussion of the kind of
approximation necessary is given in [3].

To one familiar with classical theories of rods, the form of our equations is quite sugges
tive, and we will present here a few rather intuitive ideas concerning the connection between
the two theories.

A rod as a three dimensional body ma~ be regarded as the Cartesian product of its line
of centroids and its cross section. Because a'\od is a "thin" body, we can constrain the cross
section to undergo only homogeneous deformations. The homogeneous deformation of
the cross section is then determined by the motion of two independent vectors. Thus in the
model of the Cosserat curve, the two directors can serve to describe the homogeneous
deformations of the cross section. Since any two independent vectors uniquely determine a
homogeneous deformation, we may choose to take the directors along the principal axes
of inertia of the cross section.

These ideas wi11 be sufficient to permit us to compare the results of the Cosserat theory
with solutions from the theory of linear viscoelasticity for an isotropic three dimensional
rod. We consider first the case of isothermal, quasi-static pure flexure. Using the usual
quasi-static "correspondence principle" between elastic and viscoelastic solutions, the
solution of the viscoelastic problem in the Laplace transform plane is easily obtained from
the corresponding elastic solution. We consider a straight, isotropic prismatic rod and
introduce a Cartesian coordinate system (x, y, z) where the z axis coincides with the line of
centroids of the cross section, and the x and y axes are taken along the principal axes of the
cross section. Consider now the problem of pure flexure of such a body. If aij denotes the
transform of the stress tensor, the only non-zero component of the stress is

(5.12)

where IX and fJ are constants. The three dimensional displacement vector is denoted by u*
and its transform is given by

(5.13)

1
u~ = -=(IXX + fJy)z,

sE

where vand E are defined in terms of G1(t), the relaxation function in shear, and G2(t), the
relaxation function in isotropic compression, by

1 2(;2+(;1
E = 3G 1G2 '

(5.14)
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The transforms of the moments acting across any section are then

where I xx and I yy are moments of inertia about the x and y axes respectively.
Taking the transforms of (5.l) and (5.2)t we easily obtain the equations

(5.15)

_s!i70D13
m2 = OZ '

J: _ OUI
°31-

OZ
(5.16)

and

il2 = 0, (5.17)

Thus

(5.18)

and comparing these results with (5.15), we obtain

(5.19)

6. TORSION

The equations governing torsional motion of the rod are

om3 (02b12 02b21)
OZ +P(l12- 12d = P (Xl~-(X2~ ,

0(P12 +P21) (I I) (02b12 02b21 )
OZ +P 12+ 21 -P (Xl~+(X2~ = 27l:12'

m3 = foo [(h4 -hs)(O, t-r)Kdr)-(h 6 -hs)(O, t-r)K21(r)] dr,

P12 +P21 = foo [(h4 +hs)(O, t-r)Kdr)+(h6 +hs)(O, t -r)1<21(r)] dr,

7l:12 = f 00 gl(O, t-r)ydr) dr,

(6.1)

)i12 = b12 +b21 ·

t We assume u/(r) and btlr) vanish on - etJ < r :5 O.
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We restrict our attention here to the case when the free energy and kinetic energy are
invariant under the transformations

(6.2)

This restriction implies that

(6.3)

Under these conditions, we seek solutions of (6.1) with

Y12 = 0, (6.4)

Then, if the assigned loads are assumed to vanish, equations (6.1) reduce to

6m3 2'fu = - p!Xw bT2 e1Wr
,

where

H 1(0, u) = h4(0, u) - hs(O, u),

H1 = iw {XO H 1(0, u)e- iw" du,

= iwN 1(0, iw).

Combining (6.5a, b), we obtain

where

P!Xw2
2_

q - 2lf;'

If we take bT2(0) = 0, the solution of (6.7) is

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

bT2 = b sin qz.

The torque necessary to maintain this deformation is

p!Xw2 .
m3 = b-- cos qz e1W1

•

q

This result may be compared with Berry's [5] result for the torsional vibrations of a
circular cylinder obtained from the three dimensional theory. With some changes in
notation, Berry's expression for the torque necessary to maintain sinusoidal oscillation is

(6.11 )
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where a is the radius of the cylinder. The tangential displacement of points in the cross
section is given by

(6.12)

Thus, b12 can be interpreted as the rotation of a radial line element in the cross section.
Equations (6.11) and (6.1 0) are equivalent if

(6.13)

where I z is the polar moment of inertia of the cross section.

7. LONGITUDINAL MOTIONS

In the theory employed in this paper, thermal effects only arise in the case ofextensional
motion of the rod. We restrict our attention to the case when the heat flux is given by
(3.19). Then, the equations governing the motion are

. ah
-pToS+pr-- = 0,ax

n3 = roo [g6(0, t-r)Y33(r)+gg(0, t-r)yu<r)+g9(0, t-r)Yll(r)

+CP3(0, t-r)T(r)] dr,

p!! = roo [h!(O, t-r)Kll(r)+h2(0, t-r)K22(r)] dr,

P22 = roo [h 3(O, t-r)K22(r)+h2(O, t-r)K!!(r)] dr,

1tll = foo [g4(O, t-r)Yll(r)+giO, t-r)Y22(r)+g9(0, t-r)Y33(r)

+cp!(O, t-r)T(r)] dr,

1t22 = foo [gs(O, t-r)Y22(r)+g7(0, t-r)Yll(r)+gS(O, t-r)Y33(r)

+CP2(0, t-r)T(r)] dr,

(7.1 )

ab ll
K!! =-:1-'

ux

ab22
K22 =-ax
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(AI)

(A2)

(A3)

(A4)
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APPENDIX

The inequality (3.4) can be written in a more revealing form if we introduce the vectors

( 1, , T'),,= -Z'Yij, /C.;, ,

r = (rr.(J' n;, K.;, - pS').

Then the constitutive hypothesis for ni, P.i' rr.(J and Sf in terms of a matrix kernel func
tion P(r) and a constant vector r 0 is

r = r o+foo P(t-r}tt(r) dr.

By introducing appropriate matrix kernel functions G(s, r) and H(r) in (3.1) we can
write pA in the form:

pA = [H(O) + foo G(O, t-r}tt(r) dr]"(t) +foo :tH(t-r}tt(r)dr

It fl 0 fl ft 0
+ -00 _oootG(t-r,t-s)+ -00 -00 otG(t-r, t-s}tt(r}tt(s)drds.

The inequality (3.4) for processes with (oT/oz)(t) = 0 then becomes

{r-H(O) +f 00 [P(t- r) -G(O, t - r)Jt1(r) dr} ,,(r)

ft 0 ft ft 0
- -00 otH(t-r}tt(r) dr- -00 -00 ot G(t-r, t-s}tt(r}tt(s)dr ds ~ O.

We will assume that ,,(r), (a;ot)H(r), (%t)G(r, s), and (%s)G(r, s) are continuous (these
assumptions have already been used when differentiating under the integral sign to find
pA), Typical terms in (A4) are of the form

f 00 «p(t - r}tt(r) dr, (A5)
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where «p and 'I' are continuous functions. If 1](r) is some specified, continuous history and
if IX is an arbitrary vector, then given any e > 0 we can find a continuous history it(r) such
that it(t) = a and

(A6)

IIr 00 roo 'I'(t - r, t - s}1J(r}1J(s) dr ds - roo roo 'I'(t - r, t - s}1J(r)it(s) dr ds ,,< e.

The norm in (A6) is the usual vector or tensor norm; i.e. if V is a vector IIVII = [VVJ 1
/
2

,

if A is a tensor, then IIAII = tr[AA T]1/2.

For example, consider

it(r) = it(r) - 00 < r ~ t-b

Then

[
r-t+bJ= 1](t-b)+[IX-1](t-b)] 1> . t-b~r~t

(A7)

I, { [r-t+bJ= t-b «p(t - r) 1](r) -1](t - b) - [a -1](t - b] 1>

where et> = sUPII«p(t-r)11 and r = sup II1](-r) II on some sufficiently large interval containing
(t - 15, t). Similarly

where '¥ = supll+(t-r, t-s)II. By choosing 15 sufficiently small we obtain our desired
result.

Consider now the inequality (A4) for a given history 1](r). Choose another history it(r)
with it(t) = IX, Cl being an arbitrary vector. This history must also satisfy the inequality so
that

(AlO)

ft a ft ft iJ
- -;-H(t-r)ii(r) dr- -;-G(t-r, t-s)it(r)ii(s) dr ds ~ O.

- 00 ut - 00 - 00 ut



(All)
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Adding and subtracting terms in (AIO) we obtain:

{foo [P(t-t)-G(O, t-t)] [q(t)-q(t)] dt} .(1- roo :tH(t-t)[11(t)-q(t)] dt

I
t It a- -G(t-t, t-s)[11(t)q(s)-q(t)q(s)] dt ds
- 00 - 00 at

+ {ro-H(O)+ foo [P(t-t)-G(O, t-t)]q(t) dt} .(1

I
t a It It a- -;-H(t-t)q(t)dt- -;-G(t-t, t-s)q(t)q(s)dt ds :2 o.
- 00 vt - 00 - 00 vt

19

However, using (A6) we see that by choosing 11(t) properly the first three terms in (All)
can be made arbitrarily small, and hence if the inequality is to hold we must have

{ro-H(O)+ foo [P(t-t)-G(O, t-t)]q(t)dt} .(1

I
t a It It 0

+ _ooot"(t-t)q(t)dt+ -00 _ooot G(t-t,t-s)q(t)q(s)dtds:20.

Since (I is arbitrary and q(t) is any continuous history, (AI2) implies that

r o = "(0),

and

P(t-t) = G(O, t-t).

The inequality (A4) then reduces to

(A12)

(Al3)

(AI4)

(AI5)

Let q*(t) = /3tt(t) where f3 is an arbitrary scalar. The inequality (AI5) must still be satisfied
for this new history so that

In order that (AI6) be satisfied, we must have

a
ot"(t-t) = 0,

and

ft ft a
-00 -00 ot G(t-t, t-s)q(t)q(s) dt ds > o.

(AI6)

(AI?)

(AI8)
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(AI9)

Our original inequality (3.4) in view of(A13), (A14) and (A17) reduces to

-fl ft aG(t-T,t-s)q(T)q(s)dTds-~aT zO.
- ex: - ex: ot To GZ

If we revert to our usual index notation, (Al3) and (A14) imply (3.6), (3. 7), (3.8), (3.9) and
(3.1 0).

(Received 17 February 1969; revised 4 June 1969)

A6CTpaKT-HaCTOflll\afl pa60Ta OCHOBaHa Ha o61l\eii TepMO,LJ.HHaMH'IeCKOH TeopHH KOHTHHyyMa Koccepa,

pa3BHToH rpHHOM H )JflBCOM. )J;alOTCJl, 3,LJ.ecb, Cnel\HcPH'IHble onpe,neJIfllOll\He ypaBHeHKfl ,nJIfl JIHHeHHoro

Bfl3Koynpyroro MaTepHaJIa. Kor,LJ.a cPopMa CBo6o,LJ.HOH 3HeprKH OrpaHH'IeHa HeKoTopblMH ycnoBHflMH

CKMMeTpHH, OCHOBHble ypaBHeHKJl pa3,LJ.eJIfllOTCfl Ha '1eTblpbIe rpynnbl, ,LJ.Be ,LJ.nJl H3rH6a, O,LJ.Ha tlnfl

Kpy'leHKfl H OtlHa tlJIfl paCTflx<eHKfl cTepX<Hfl. TepMH'IecKHe JcPcPeKTbI BblcTynalOT TOJIbKO B nOCJIetlHeH

rpynne. PaccMaTpHBaeTcfl pacnpetleJIeHKe BOJIHbI H3rH6a H Kpy'leHKfl BtlOJIb 6ecKOHe'lHoro cTeplKHfl.


